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Abstract. Closed expressions for the Green functions of the stationary two-
dimensional two-component Schrodinger equation for an electron moving in
monolayer and bilayer graphene in the presence of a magnetic field are obtained
in terms of the Whittaker functions.
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Sometime ago Dodonov et al. [1] calculated the stationary Green function of a
free 2D electron in a homogenous magnetic field and obtained analytical results in
terms of the Whittaker functions. Similar problems were recently investigated for
low-dimensional systems [2, 3, 4], where the Green functions were obtained as infinite
sums of Laguerre polynomials. Recently, problems of propagators were analyzed
theoretically for electrons in monolayer graphene [5, 6]. Horing and Liu [5] obtained a
propagator as an infinite sum and, alternatively, as the second solution of the Bessel
wave equation. A closed form of the propagator in monolayer graphene in terms of
the confluent hypergeometric function was obtained by Piatkovskii and Gusynin [7].
To our knowledge, the expression for the Green function in terms of the Whittaker
functions has not been published in the literature. The problem of Green function for
bilayer graphene in a magnetic field has not been analyzed earlier.
One should add here that a somewhat related problem was tackled many years ago
by Schwinger [8], who considered the Green function for a Dirac electron in a vacuum
in external fields. However, the solution of this problem was found employing the
proper-time formalism in which one can directly use the gauge-invariant fields rather
than potentials. Also, our problem is distinctly different since the Dirac electron is
characterized by a rest mass m0 and an energy gap 2m0c
2, while the band structure
of monolayer graphene has a vanishing “rest mass” and a vanishing energy gap. In
turn, in bilayer graphene there is no gap and the energy bands are parabolic.
The aim of the present work is to derive an analytical closed form of the stationary
electron Green function for electrons in monolayer and bilayer graphene in a uniform
magnetic field. The electron Green function is used in calculating the local density of
states, scattering processes, transport and disorder properties of a material, as well as
in many-body problems.
In the first step we consider the stationary Green function of a two-dimenional free
electron in a magnetic field. The spin is omitted. The two-dimensional Hamiltonian
is Hˆe = pˆi2/(2m), where pˆi = pˆ + eA and A is the vector potential. In the Landau
gauge A = (−By, 0), the eigenstates of Hˆe are ψenkx(ρ) = eikxxφn(ξ)/
√
2pi, where
φn(ξ) =
√
LCnHn(ξ)e
−1/2ξ2 , Hn(ξ) are the Hermite polynomials, Cn =
√
2nn!
√
pi,
the magnetic radius is L =
√
h¯/eB and ξ = y/L − kxL. The energy levels are
En = h¯ωc(n+ 1/2) with ωc = eB/m. The Green function is by definition
Gˆe(ρ,ρ
′, E) =
∑
n
∫ ∞
−∞
eikx(x−x
′)φn(ξ)φn(ξ
′)∗
2pi[h¯ωc(n+ 1/2)− E] dkx, (1)
where ρ = (x, y). To integrate over kx we use the identity [9]∫ ∞
−∞
e−x
2
Hm(x+ y)Hn(x + z)dx = 2
n
√
pim!zn
′
Ln
′
m(−2yz), (2)
where n′ = n−m and m ≤ n. This gives
Gˆe(ρ,ρ
′, E) =
e−r
2/2+iχ
2pih¯ωcL2
∞∑
n=0
L0n(r
2)
n+ 1/2− E¯ , (3)
where E¯ = E/(h¯ωc), Lαn(r2) are the associated Laguerre polynomials, r2 = (ρ −
ρ′)2/(2L2) and χ = (x − x′)(y + y′)/2L2 is the gauge-dependent phase factor. The
summation over n in (3) can be performed with the use of formula 6.12.4 in [10]
t−α
∞∑
n=0
L−αn (t)
n+ a− α = Γ(a− α)Ψ(a, α+ 1; t), (4)
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where Ψ(a, c; t) is the second solution of the confluent hypergeometric equation [10].
The series in (4) converges for t > 0 and α > −1/2. There is (see formula 6.9.4 in [10])
Ψ(a, c; t) = et/2t−1/2−µWκ,µ(t), (5)
whereWκ,µ(t) is the Whittaker function, κ = c/2−a and µ = c/2−1/2. On combining
equations (3), (4) and (5), setting α = 0, t = r2 and a = 1/2 − E¯ we obtain: c = 1,
µ = 0 and κ = E¯ , so that the free electron Green function is
Gˆe(ρ,ρ
′, E) =
eiχ
2pih¯ωcL2|r|Γ(1/2− E¯)WE¯,0(r
2). (6)
The same result was obtained by Dodonov et al. [1] using the Laplace transform of the
time-dependent electron Green function Gˆe(ρ,ρ
′, β). Comparing (3) and (6) we have
an important auxiliary result for free electrons employed in the calculations below
e−r
2/2
∞∑
n=0
L0n(r
2)
n+ 1/2− E¯ =
1
|r|Γ(1/2− E¯)WE¯,0(r
2). (7)
Now we turn to the main subject of our work. The Hamiltonian for electrons
at the K point of the Brillouin zone in monolayer graphene in a magnetic field B is
HˆM = uσˆxpˆix+uσˆypˆiy, where u ≃ 1×108 cm/s is the band electron velocity and σˆx, σˆy
are the Pauli matrices [11, 12]. In the Landau gauge, the eigenstates of HˆM are
ψMnkxs(ρ) =
eikxx√
2pi(2− δn,0)
( −sφn−1(ξ)
φn(ξ)
)
, (8)
where s = ±1 and φn(ξ) are defined above. The energy levels are Ens = sh¯ω
√
n with
ω =
√
2u/L.
The stationary Green function of the Hamiltonian HˆM is a 2 × 2 matrix GˆM =(
GˆM11 −GˆM10
−GˆM01 GˆM00
)
, where
GMσσ(ρ,ρ
′, E) =
∑
n,s
∫ ∞
−∞
eikx(x−x
′)φn−σ(ξ)φn−σ(ξ
′)∗
2pi(2− δn,0)(sh¯ω
√
n− E) dkx, (9)
GMσ,σ′(ρ,ρ
′, E) =
∑
n,s
∫ ∞
−∞
seikx(x−x
′)φn−σ(ξ)φn−σ′ (ξ
′)∗
4pi(sh¯ω
√
n− E) dkx, (10)
in which σ, σ′ = 0, 1 and σ 6= σ′. Performing the summation over s and integration
over kx with the use of identity (2) we obtain
GˆMσσ(ρ,ρ
′, E) =
E¯e−r
2/2+iχ
2pih¯ωL2
∞∑
n=0
L0n(r
2)
n+ σ − E¯2 , (11)
GˆMσ,1−σ(ρ,ρ
′, E) = rσ,1−σ
e−r
2/2+iχ
2pih¯ωL2
∞∑
n=1
L1n−1(r
2)
n− E¯2 , (12)
where E¯ = E/(h¯ω), r1,0 = [(y
′ − y) − i(x − x′)]/(L√2) and r0,1 = [(y − y′) − i(x −
x′)]/(L
√
2).
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Now we make use of (7). Making the substitutions E¯ → E¯2 + 1/2 for σ = 0
and E¯ → E¯2 − 1/2 for σ = 1, the sum over n in (11) can be converted into the sum
appearing in (7). Thus the diagonal terms of GˆM (ρ,ρ′, E) are
GˆM00(ρ,ρ
′, E) =
E¯eiχ
2pih¯ωL2|r|Γ(−E¯
2)WE¯2+ 1
2
,0(r
2), (13)
GˆM11(ρ,ρ
′, E) =
E¯eiχ
2pih¯ωL2|r|Γ(1− E¯
2)WE¯2− 1
2
,0(r
2). (14)
To calculate the off-diagonal elements of GˆM (ρ,ρ′, E) we use the identity
L1n−1(r
2) = n[(L0n−1(r
2) − L0n(r2)]/r2. Putting it into (12) we obtain after simple
calculation
GˆMσ,1−σ(ρ,ρ
′, E) =
rσ,1−σE¯
r2
(GˆM11 − GˆM00). (15)
Equations (13)-(15) are the final results for the stationary Green function of an electron
in monolayer graphene in the presence of a homogenous magnetic field. The poles of
GˆM (ρ,ρ′, E) occur for E¯ns = 0,±1,±
√
2,±√3, . . .±√n, which is a direct consequence
of the above given Landau energies in monolayer graphene. The residues of GˆM (Ens)
can be obtained from (11) and (12).
In Figure 1 we plot gauge-independent part of the dimensionless Green function
h¯ωL2GˆMσσ(ρ, 0, E) for electrons in monolayer graphene in a magnetic field for three
values of E¯. It is seen that for large r the Green function h¯ωL2GˆM (ρ, 0, E) decays
exponentially. For large values of energy E¯ the decay has an oscillating character. As
follows from (15), the off-diagonal components are given by the difference of GˆM11 and
GˆM00 .
Expressing the Green function in terms of the Whittaker functions is useful
because the latter can be either calculated using, for example, procedures given in
Mathematica, or conveniently computed from the formula
Wλ,0(z) =
√
z e−z/2
Γ(1/2− λ)2
∞∑
k=0
Γ(k − λ+ 1/2)
(k!)2
zk ×
[2ψ(k + 1)− ψ(k − λ+ 1/2)− ln(z)] , (16)
where ψ(z) = d ln[Γ(z)]/dz, see [9]. This expansion can be obtained from the Barnes
integral representation of the Whittaker function WE¯,0(z) through the calculation of
residues. In this formula, the index k labels the residues. The details of the expansion
can be found e.g. in [14]. Other convenient ways to calculate the Whittaker functions
are: expansion ofWE¯ ,0(x) in terms of the Bessel functions [15], combinations of power-
series expansions for small-x and and large-x approximations (see [1, 9]), or numerical
solutions of the Whittaker equation.
We have compared numerically (13), (14) and (15) with (11) and (12) for many
random values of 0 < E¯ < 3 and 0 < r < 3, in which Wλ,0(z) was calculated using
expansion (16). In addition, numerical values of Wλ,0(z) were calculated using the
procedures given in Mathematica. After truncating the summations in (11) and (12)
at n = 1× 106 terms (!) we obtained only 4 to 6 significant digits of the exact results
given in terms of the Whittaker functions. We conclude that the expansion (7) of the
Green function in terms of the Laguerre polynomials converges quite slowly.
Next, we consider electrons in bilayer graphene. At the K point of the Brillouin
zone they are described by the Hamiltonian HˆB = −1/(2m∗)
(
0 (pˆi−)2
(pˆi+)2 0
)
,
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Figure 1. Diagonal elements of the gauge-independent part of dimensionless
Green function h¯ωL2GˆM (ρ, 0, E) for monolayer graphene, as given in (13)
and (14) for three values of E¯ = E/(h¯ω). Distance is measured in r =√
x2 + y2/(
√
2L). All curves are calculated with the use of expansion (16).
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Figure 2. Diagonal elements of the gauge-independent part of dimensionless
Green function h¯ωcL2GˆB(ρ, 0, E) for bilayer graphene, as given in (24) for three
values of E¯ = E/(h¯ωc). Distance is measured in r =
√
x2 + y2/(
√
2L). All
curves are calculated with the use of expansion (16).
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with m∗ = 0.054 me and pˆi
± = pˆix ± ipˆiy [13]. This Hamiltonian is applicable within
the energy range |E| < 100 meV. To find the Green function in this case we proceed in
a way similar to that described above for monolayer graphene. In the Landau gauge
the eigenstates of HˆB are
ψBnkxs(ρ) =
eikxx√
4pi
( −sφn−2(ξ)
φn(ξ)
)
, (17)
where s = ±1 and φn(ξ) are defined above. The energy levels are Ens =
sh¯ωc
√
n(n− 1) with ωc = eB/m∗. The above expressions are valid for n ≥ 2.
For n = 0, 1 the eigenstates of HˆB are ψBnkx(ρ) = e
ikxx/
√
2pi
(
0
φn(ξ)
)
and the
corresponding energies are En = 0.
The stationary Green function of the Hamiltonian HˆB is again a 2 × 2 matrix
GˆB =
(
GˆB22 −GˆB20
−GˆB02 GˆB00
)
with
GBσσ(ρ,ρ
′, E) =
∑
n,s
∫ ∞
−∞
eikx(x−x
′)φn−σ(ξ)φn−σ(ξ
′)∗
4pi(sh¯ωc
√
n(n− 1)− E) dkx, (18)
GBσ,σ′(ρ,ρ
′, E) =
∑
n,s
∫ ∞
−∞
seikx(x−x
′)φn−σ(ξ)φn−σ′ (ξ
′)∗
4pi(sh¯ωc
√
n(n− 1)− E) dkx, (19)
where σ, σ′ = 0, 2 and σ 6= σ′. Performing the summation over s and integration
over kx with the use of identity (2) we obtain
GˆBσσ(ρ,ρ
′, E) =
E¯e−r
2/2+iχ
2pih¯ωcL2
∞∑
n=0
L0n(r
2)
(n+ σ)(n+ σ − 1)− E¯2 , (20)
GˆBσ,2−σ(ρ,ρ
′, E) = rσ,2−σ
e−r
2/2+iχ
2pih¯ωcL2
∞∑
n=2
L2n−2(r
2)
n(n− 1)− E¯2 , (21)
where E¯ = E/(h¯ωc), r2,0 = [(y
′ − y) − i(x − x′)]2/(2L2) and r0,2 = [(y − y′) − i(x −
x′)]2/(2L2). To calculate GˆBσσ with the use of (7) we express Gˆ
B
σσ as a combination of
simple fractions
∑
i ai/(n− ni) with suitably chosen parameters {ai} and {ni}. Thus
we have
1
(n+ σ)(n+ σ − 1)− E2 =
1
n+σ − n−σ
×
(
1
n+ 1/2− n+σ
− 1
n+ 1/2− n−σ
)
, (22)
with
n±σ = 1− σ ± (1/2)
√
1 + 4E¯2. (23)
Using (7) and (22) and making the substitution E¯ → n±σ we obtain
GˆBσσ(ρ,ρ
′, E) =
E¯eiχ
2pih¯ωcL2|r|
√
1 + 4E¯2
×
(
Γ(1/2− n+σ )Wn+
σ
,0(r
2)− Γ(1/2− n−σ )Wn−
σ
,0(r
2)
)
. (24)
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For the off-diagonal elements of GˆB we express the associated Laguerre polynomials
L2n−2(r
2) by the linear combinations of L0n(r
2) using the identity xLa+1n (x) = (n+a+
1)Lan(x)− (n+ 1)Lan+1(x). This gives, in analogy to (15),
GˆBσ,3−σ(ρ,ρ
′, E) =
rσ,2−σE¯
r4
(GˆB22 + Gˆ
B
00 − 2GˆB11). (25)
Equations (24) and (25) are the final results for the stationary Green function
of an electron in bilayer graphene in the presence of a magnetic field. The poles
of GˆB(ρ,ρ′, E) occur for E¯ns = 0,±
√
2,±√6, . . . ,±√n(n− 1). The residues of
GˆB(Ens) can be obtained from (20) and (21).
In Figure 2 we plot the gauge-independent part of the dimensionless Green
function h¯ωcL
2GˆBσσ(ρ, 0, E), calculated for three values of E¯. Similarly to electrons in
monolayer graphene, the components of the Green function h¯ωcL
2GˆB(ρ, 0, E) decay
exponentially for large r. For higher values of E¯ = E/(h¯ωc) they exhibit an oscillatory
behavior.
Finally, we write the Green functions of monolayer and bilayer graphene taking
into account contributions from the inequivalent K ′ point of the Brillouin zone.
For monolayer graphene the Hamiltonian at the K ′ point is HˆM
′
= (−HˆM )T
and its eigenstates are ψM
′
nkxs
(ρ) = eikxx[φn(ξ), sφn−1(ξ)]/
√
4pi [16]. In the basis
{−sφKn−1, φKn , φK
′
n , sφ
K′
n−1}, where the upper scrips indicate the Brillouin zone point,
the Green function is
GˆM =


GˆM11 −GˆM10 0 0
−GˆM01 GˆM00 0 0
0 0 GˆM00 Gˆ
M
01
0 0 GˆM10 Gˆ
M
11

 . (26)
For bilayer graphene at the K ′ point the wave function is ψB
′
nkxs
(ρ) =
eikxx[φn(ξ),−sφn−2(ξ)]/
√
4pi [13]. Thus the Green function of bilayer graphene in
the basis {−sφKn−2, φKn , φK
′
n ,−sφK
′
n−2} is
GˆB =


GˆB22 −GˆB20 0 0
−GˆB02 GˆB00 0 0
0 0 GˆB00 −GˆB02
0 0 −GˆB20 GˆB22

 . (27)
To summarize, we calculated the Green functions for electrons in monolayer and
bilayer graphene in the presence of a magnetic field and expressed them in terms of
the Whittaker functions. The obtained formulas allow one to compute the Green
functions using quickly converging expansions of the Whittaker functions. This is
a good starting point in more complicated calculations for graphene monolayer and
bilayer.
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